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“It is very easy to define a number of knot invariants so long as one is not
concerned with giving algorithms for their computation. For instance,...
One can change each knot projection into the projection of a circle by
reversing the overcrossing and undercrossing at, say k double points of the
projection. The minimum number m(k) of these operations, that is, the
minimal number of self-piercings, by which a knot is transformed into a
circle, is a natural measure of knottedness.”
K. Reidemeister [Re]
ABSTRACT
Computing unlinking number is usually very difficult and complex problem, there-
fore we define BJ-unlinking number and recall Bernhard-Jablan conjecture stating that
the classical unknotting/unlinking number is equal to the BJ-unlinking number. We
compute BJ-unlinking number for various families of knots and links for which the un-
linking number is unknown. Furthermore, we define BJ-unlinking gap and construct
examples of links with arbitrarily large BJ-unlinking gap. Experimental results for BJ-
unlinking gap of rational links up to 16 crossings, and all alternating links up to 12
crossings are obtained using programs LinKnot and K2K. Moreover, we propose fami-
lies of rational links with arbitrarily large BJ-unlinking gap and polyhedral links with
constant non-trivial BJ-unlinking gap. Computational results suggest existence of fam-
ilies of non-alternating links with arbitrarily large BJ-unlinking gap.
Keywords: Unknotting number, unlinking number, unknotting gap, unlinking gap, ra-
tional knot, pretzel knot, Conway notation, n-move.
Mathematics Subject Classification 2000: 57M25, 57M27
1
July 16, 2018 7:2 WSPC/INSTRUCTION FILE UnlinkningNumberUn-
linkingGap
2 Slavik Jablan and Radmila Sazdanovic´
1. Introduction
The main topic of this paper is Bernhard-Jablan unlinking number and BJ-
unlinking gap. Computing unlinking number is usually very difficult and complex
problem, therefore we define BJ-unlinking number which will be computable due
to the algorithmic nature of its definition.
In order to make precise statements we first need to introduce basic notation.
The term “link” will be used for both knots and links. Accordingly, under the terms
containing the word “link” we consider both knot and link properties/invariants.
We use Conway notation [Co,KL], and the following related symbols denot-
ing rational and pretzel links. Rational link diagrams given by Conway symbols
a1 a2 . . . an are denoted by C[a1,a2,...,an]. C[a1,a2,...,an] is a standard diagram of a
rational link denoted by R[a1,a2,...,an] which corresponds to the continued fraction
an+
1
an−1 +
1
an−2 + . . .+
1
a2 +
1
a1
. For a detailed explanation see [KL]. The pretzel
link with n columns of ai half-twists each is denoted by P(a1,a2,...,an) (Fig. 1).
Fig. 1. Pretzel link P(a1,a2,...,an).
The BJ-unlinking gap, (Def. 1.2), is motivated by the following example given
by Y. Nakanishi [Na1] and S. Bleiler [Bl]. They have noticed that the rational knot
108, that is R[5,1,4], has the unlinking number 2 but its unique minimal diagram
C[5,1,4] (Fig. 2a) has diagram unlinking number 3. Unlinking number 2 can be
achieved using non-minimal diagram illustrated in Fig. 2(b) (crossings needed to
be changed are denoted by circles). The goal of this paper is to determine how much
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the unlinking number of any minimal diagram differs from the unlinking number
of a link they represent.
Fig. 2. The Nakanishi-Bleiler example: (a) the minimal diagram of the knot 5 1 4 that requires
at least three simultaneous crossing changes to be unknotted. Switching a particular crossing
results in rational knot whose Conway symbol is given next to the crossing. Notice that all of
the diagrams obtained are unknotting number 2; (b) non-minimal diagram of the knot 5 1 4 from
which we obtain the correct unknotting number u(5 1 4) = 2.
In this setting we have the following definition:
Definition 1.1. For a given crossing v of a diagram D representing link L let Dv
denote the link diagram obtained from D by switching crossing v.
a) The unlinking number u(D) of a link diagram D is the minimal number of
crossing changes on the diagram required to obtain an unlink.
b) The classical unlinking number of a link L, denoted by u(L) can be defined
by u(L) = min
D
u(D) where the minimum is taken over all diagrams D
representing L.
c) The BJ-unlinking number uBJ(D) of a diagram D is defined recursively in
the following manner:
(1) uBJ(D) = 0 iff D represents an unlink.
(2) Assume that the sets of diagrams Dk with uBJ(D) ≤ k are already
defined. A diagram D has uBJ(D) = k+1 if D /∈ Dk and there exists
a crossing v on the diagram D such that uBJ(D
′
v) = k where D
′
v
is a minimal link diagram representing the same link as diagram Dv
obtained from D by a crossing change at v. Notice that uBJ(D) is
well defined for every diagram D as D ∈ Dn! where n is the number
of crossings in D.
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d) uM (L) = min
D
u(D) where the minimum is taken over all minimal diagrams
D representing L.
e) The BJ-unlinking number uBJ(L) of a link L is defined by uBJ(L) =
min
D
uBJ(D) where the minimum is taken over all minimal diagrams D
representing L.
J.A. Bernhard [Be] in 1994 and independently S. Jablan [Ja] in 1995, conjec-
tured that for every link L we have that u(L) = uBJ(L). In the next section we
discuss BJ-conjecture and illustrate the importance of the conjecture on the ex-
ample of pretzel knots whose unlinking number is unknown, except for some small
values.
Definition 1.2.
a) The BJ-unlinking gap of a diagram D denoted by δBJ (D) is the difference
δBJ(D) = u(D)− uBJ(D).
b) The BJ-unlinking gap of a link L denoted by δBJ (L) is defined by δBJ(L) =
uM (L)− uBJ(L).
It is natural to consider δ′BJ(L) = min
D
δ(D) where D denotes minimal diagram
of L. For alternating links δ′BJ(L) = δBJ (L) and it would be interesting to check
whether this equality holds in greater generality.
Section 3 contains experimental results– lists of rational knots and links up to 16
crossings that have a non-trivial BJ-unlinking gap. Experimental results imply that
knots and links with this property are not so exceptional. In fact, they represent
a considerable portion of rational knots and links, e.g., about 4% for n = 15 or
n = 16.
In the Section 4 we give explicit formulas for BJ unlinking number, uM and
BJ unlinking gap for several families of knots (two-bridge and pretzel knots with
up to 3 parameters). Moreover, we provide formulas for BJ-unlinking number and
BJ-unlinking gap of the family R[2k,2m,1,2n] and conclude it has an arbitrarily large
unlinking gap. Both Sections 4 and 5 contain experimental results: multi-parameter
families of alternating rational and polyhedral knots and links with positive BJ-
unlinking gap. In the Section 5, based on experimental results, we propose families
of non-alternating minimal knot and link diagrams with possibly arbitrarily large
BJ-unlinking gap.
2. Bernhard-Jablan Conjecture
J. Bernhard [Be] in 1994 and independently S. Jablan [Ja] in 1995, conjectured:
Conjecture 2.1 (Bernhard-Jablan Conjecture). For every link L we have that
u(L) = uBJ(L).
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BJ-conjecture holds for all links for which unlinking number is computed. In
particular, it holds for all knots up to 11 crossings [Liv] and 2-component links
up to 9 crossings [Ko2]. Furthermore, T. Kanenobu, H. Murakami and P. Kohn
proved that for unknotting number 1 rational links unknotting crossing appears in
the minimal diagram [KM,Ko1].
Notice that, even if the Bernhard-Jablan Conjecture does not hold for all links,
BJ-unlinking number is an upper bound for the unlinking number.
We illustrate the importance of the conjecture by the following example. Con-
sider alternating pretzel knots P(a,b,c) where 0 < a ≤ b ≤ c and a, b, c are all odd
numbers. We show in the Proposition 2.2(b), that uBJ(P(a,b,c)) =
a+b
2 . However, the
unknotting number of these knots is still unknown, except for the smallest knots,
e.g., P(1,3,3) (with unknotting number 2 computed by W.B.R. Lickorish [Lic]) and
P(3,3,3) (with unknotting number 3 computed recently by B. Owens [Ow]).
Fig. 3. (a) Rational knot R[2p−1,1,2q−1] ; (b) Pretzel knot P(a,b,c).
Proposition 2.2.
a) For 2-bridge knots with Conway type 2p− 1 1 2q − 1 denoted by R[2p−1,1,2q−1]
(in the fraction form 4pq−12q ), p, q > 0 BJ-unknotting number satisfies
uBJ(R[2p−1,1,2q−1]) = min(p, q).
b) For pretzel knots a P(a,b,c) with 0 < a ≤ b ≤ c and a, b, c are all odd numbers
aPretzel knots P(a,b,c) are preserved by permutations of symbols a,b,c.
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we have that:
uBJ(P(a,b,c)) =
a+ b
2
Proof.
a) We proceed by induction on min(p, q). For min(p, q) = 1 that is, p = 1 or
q = 1 our knot is a twist knot (R[1,1,q] or R[p,1,1]). Therefore, it has unknot-
ting number 1, so the proposition holds. Assume that proposition holds for
min(p, q) < n for n > 1. Since our link is alternating we can work with the
specific minimal diagram (Fig. 3a). We consider every crossing of the diagram.
If the crossing is chosen among those representing 2p− 1 or 2q − 1 we obtain
either R[2p−3,1,2q−1] or R[2p−1,1,2q−3], then the inductive step is immediate. If
we consider the remaining crossing v, after switching at this crossing and us-
ing ambient isotopy we get rational knot R[2(p−1),1,2(q−1)]. In each step of the
inductive construction we decrease either p or q or both, therefore we have:
uBJ(R[2p−1,1,2q−1]) =
= 1 +min(uBJ(R[2(p−1),1,2q−1]), uBJ(R[2(p−1),1,2(q−1)]), uBJ(R[2p−1,1,2(q−1)]))
= 1 +min(p− 1, q − 1)
= min(p, q)
b) We proceed by induction on a+b. For a+b = 2 our knot P[1,1,c] is a twist knot.
Such a knot has unknotting number 1, so the proposition holds. Assume that
proposition holds for a+b < n, n > 2. Since our link is alternating we can work
with the specific minimal diagram (Fig. 3b). Assume a = 1 (a + b > 2 implies
b, c > 1). We should consider every crossing, so we have the following cases:
– If the crossing is chosen among those representing c we obtain P[1,b,c−2] =
P[1,c−2,b], therefore by inductive hypothesis
uBJ(P[1,b,c−2]) =
1 + b
2
– If the crossing is chosen among those representing b we obtain P[1,b−2,c],
so by inductive hypothesis uBJ(P[1,b−2,c]) =
b−1
2
– Crossing change at the remaining crossing corresponding to 1 in Conway
symbol gives the rational knot R[b−2,1,c−2]. According to the part a) we
have that:
uBJ(R[1,b−2,c−2]) = min(
b− 1
2
,
c− 1
2
) =
b− 1
2
To summarize:
uBJ(P[1,b,c]) = 1 +min(uBJ(P[1,b,c−2]), uBJ(P[1,b−2,c]), uBJ(R[1,b−2,c−2]))
= 1 +min(
b− 1
2
,
1 + b
2
)
= 1 +
b− 1
2
=
b+ 1
2
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which is exactly a+b2 for a = 1.
If a, b > 1 then we have immediate induction, which completes the proof. Since,
uM (R[2p−1,1,2q−1]) = uBJ(R[2p−1,1,2q−1]) and uM (P[a,b,c]) = uBJ(P[1,b,c]) the BJ-
unlinking gap is equal to zero in both cases.
Waldhausen [Wa] has proven Smith’s conjecture for double branch covers and
we will use it in the following form:
Theorem 2.3 (Waldhausen). Double branched covering M
(2)
K of S
3 along a knot
K is S3 if and only if K is a trivial knot (unknot).
Lemma 2.4 (Montesinos). If L and m(L) are mutant pairs of links then M
(2)
L
and M
(2)
m(L) are homeomorphic [Mo,Vi].
Corollary 2.5. Knot K is trivial if and only if m(K) is trivial.
Lemma 2.6. If m(D) is a mutation of a diagram D then u(D) = u(m(D)).
Proof. Consider an arbitrary 2-tangle T inside a diagram D and a diagram m(D)
obtained from D by mutation of T (the remaining part of a diagram is intact). If
we make u(D) crossing changes necessary to unknot diagram D and corresponding
crossing changes on a diagram m(D), then, by Corollary 2.5, a diagram obtained
from m(D) also represents an unknot. Therefore, u(D) ≤ u(m(D)). Since D can be
obtained by mutation on m(D) we have that u(D) = u(m(D)).
In the following sections we use Tait’s first and third Conjectures. Term mini-
mum diagram stands for minimum crossing number diagram of a link and reduced
diagram is a diagram with no nugatory crossings.
Theorem 2.7.
a) (Tait’s First Conjecture) A reduced alternating diagram is the minimum
diagram of its alternating link. Moreover, the minimum diagram of a prime
alternating link can only be an alternating diagram. In other words, a non-
alternating diagram can never be the minimum diagram of a prime alternating
link.
b) (Tait’s flyping Conjecture) Two reduced alternating diagrams of the same
link, are related by a finite series of flypes.
The first Tait’s conjecture [MT1] was proven independently in 1986 by L. Kauff-
man, K. Murasugi and M. Thistlethwaite [Kau,Mu,Th]. The third Tait’s conjec-
ture (Tait’s flyping conjecture) was proven by W. Menasco and M. Thistlethwaite
[MT1,MT2] and we use it to prove the following Corollary:
Corollary 2.8. For every prime alternating link L and its minimal diagrams D
and D′ the following holds: u(D) = u(D′) = uM (L), uBJ(D) = uBJ(D
′) = uBJ(L),
δBJ(D) = δBJ(D
′) = δBJ (L).
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Proof. The proof follows from Lemma 2.6 and Tait flyping theorem since flype
can be viewed as a special case od mutation.
Corollary 2.8. enables us to compute BJ-unlinking number or BJ-unlinking
gap using arbitrary minimal diagram of an alternating link. On the other hand,
minimal diagrams of non-alternating links can have different unlinking numbers,
for example knot 14n36750 discovered by A. Stoimenow [St1].
3. Computations of BJ-unlinking gap for knots and links
Experimental results presented in this section are obtained usingMathematica based
knot theory program LinKnot [JS1,JS2,JS3]. For a link given in Conway notation
functions UnKnotLink and fGap compute BJ-unlinking number, the unlinking
number of its fixed minimal diagram, and BJ-unlinking gap δBJ(L). Unfortunately,
these functions are dependent on the function ReductionKnotLink [Oc] which
sometimes fails in simplifying links. Therefore, for rational links, we use the LinKnot
function fGapRat which is based on the following Theorem of Schubert [Sch].
Theorem 3.1 (Schubert). Unoriented rational links K(p
q
) and K(p
′
q′
) are ambi-
ent isotopic if and only if:
(1) p = p′ and
(2) either q ≡ q′ (mod p) or qq′ ≡ 1 (mod p)
The following tables contain Conway symbols of rational knots and links up to 16
crossings with a non-trivial BJ-unlinking gap, given according to the number of
crossings and whether they are knots or links. Symbols given in bold denote the
links with BJ-unlinking gap 2 (others have BJ-unlinking gap 1). The first column
in each table gives the number of crossings, second the number of knots or links
with non-trivial BJ-unlinking gap, and third column their list.
n No. of KL’s List of all KL’s
9 1 Link 4 1 4
10 1 Knot 5 1 4
11
1 Knot
4 Links
4 1 4 2
4 3 4 6 1 4 5 1 3 2 5 1 1 1 3
12 5 Knots 7 1 4 5 3 4 4 1 4 3 6 1 3 2 6 1 1 1 3
13
7 Knots
16 Links
4 4 1 4 6 1 4 2 4 1 3 1 4 5 1 3 2 2
2 3 1 4 1 2 5 1 1 1 3 2 5 1 3 1 1 2
6 1 6 6 3 4 8 1 4 5 1 5 2
5 3 3 2 6 13 3 7 1 3 2 3 4 1 3 2
4 1 4 2 2 5 1 1 1 5 6 1 1 2 3 7 1 1 1 3
2 4 1 3 1 2 4 1 1 1 4 2 6 1 1 1 2 2 4 2 1 1 1 1 3
14
31 Knot
5 Links
7 1 6 7 3 4 9 1 4 4 1 6 3 4 3 4 3
5 4 1 4 6 1 4 3 6 1 5 2 6 3 3 2 7 1 3 3
8 1 3 2 3 3 1 5 2 3 5 1 3 2 4 1 4 2 3 5 1 3 1 4
5 1 3 2 3 5 1 4 2 2 6 1 1 2 4 6 1 3 2 2 7 1 1 2 3
8 1 1 1 3 3 1 3 1 4 2 3 1 4 1 3 2 3 4 1 3 1 2 3 5 1 1 1 3
5 1 1 1 4 2 7 1 1 1 2 2 2 1 4 1 3 1 2 2 4 1 1 1 3 2 4 2 1 1 1 1 4
5 2 1 1 1 1 3
4 1 4 3 2 4 1 6 1 2 4 1 3 1 3 2 5 1 3 2 1 2 5 1 3 1 1 1 2
Among the links with n = 13 crossings we find the first link 6 1 6 with the
BJ-unlinking gap δBJ = 2.
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n = 15
43 Knots
2 1 3 1 4 1 1 2 2 2 4 1 3 1 2 2 4 1 1 1 3 1 2 2 4 1 1 1 4 2
2 4 1 4 2 2 3 2 1 1 6 2 3 3 1 5 1 2 3 3 1 6 2
3 4 1 3 2 2 4 1 1 1 4 2 2 4 1 4 1 1 1 3 4 1 4 1 3 2
4 1 4 2 2 2 4 1 4 3 3 4 1 5 1 4 4 1 6 1 3
4 1 7 1 2 4 2 1 1 1 1 3 2 4 4 3 4 4 5 1 1 1 3
4 5 1 3 2 4 6 1 4 5 1 1 1 2 1 4 5 1 1 1 3 4
5 1 3 1 1 4 5 1 3 2 1 3 5 1 3 2 4 5 1 4 3 2
5 1 5 2 2 5 1 6 1 2 5 3 3 2 2 6 1 1 1 2 1 1 2
6 1 1 2 3 2 6 1 3 1 1 1 2 6 1 3 1 4 6 1 3 2 1 2
6 1 3 3 2 6 1 4 4 6 1 6 2 6 4 1 4
7 1 1 1 3 2 7 1 3 1 1 2 8 1 4 2
63 Links
10 1 4 2 1 4 1 3 1 1 2 2 3 1 1 1 4 1 2 2 3 1 4 1 2 2
2 4 1 5 1 2 2 5 1 1 1 2 1 2 2 5 1 3 2 2 3 1 1 1 5 2 2
3 4 1 3 1 3 3 4 1 5 2 3 4 3 3 2 3 5 1 1 1 2 2
3 5 1 3 3 3 6 1 3 2 4 1 1 1 1 2 3 2 4 1 2 1 1 1 1 1 3
4 1 4 1 2 1 2 4 1 4 4 2 4 1 6 2 2 4 2 1 1 3 1 3
4 2 1 1 5 2 4 2 2 1 1 2 3 4 2 3 1 1 1 3 4 2 4 1 4
4 3 1 1 2 1 3 4 3 4 2 2 4 4 1 3 1 2 5 1 1 1 1 2 4
5 1 1 1 2 2 3 5 1 1 1 3 2 2 5 1 1 1 4 3 5 1 3 1 5
5 1 5 1 3 5 2 1 1 1 1 2 2 5 2 1 1 1 2 3 5 3 5 2
5 4 1 3 2 5 5 3 2 6 1 1 1 4 2 6 1 1 2 5
6 1 2 2 4 6 1 3 2 3 6 1 4 2 2 6 1 5 3
6 2 1 1 1 1 3 6 3 1 2 3 6 3 3 3 6 3 6
7 1 1 1 2 3 7 1 1 1 5 7 1 1 2 2 2 7 1 1 3 3
7 1 3 1 3 7 1 3 4 7 1 5 2 7 3 3 2
8 1 1 1 2 2 8 1 1 2 3 8 1 3 3 8 1 6
8 3 4 9 1 1 1 3 9 1 3 2
n = 16
138 Knots
10 1 1 1 3 10 1 3 2 11 1 4 2 1 4 1 1 1 3 1 2
2 1 4 1 3 1 1 1 2 2 1 5 1 1 1 2 1 2 2 2 3 1 5 1 2 2 3 1 6 2 2
2 3 2 1 1 1 1 3 2 2 4 1 4 3 2 2 4 1 6 1 2 2 5 1 1 2 3 2
2 6 1 1 2 2 2 3 1 1 1 3 1 4 2 3 1 2 1 1 1 5 2 3 1 2 4 1 3 2
3 1 3 1 1 1 4 2 3 1 3 1 4 2 2 3 1 4 1 1 1 3 2 3 1 4 1 3 1 1 2
3 1 4 3 3 2 3 1 5 1 1 1 2 2 3 2 1 4 1 3 2 3 2 3 1 5 2
3 2 4 1 3 1 2 3 2 5 1 1 1 3 3 3 1 1 1 4 1 2 3 3 1 5 1 3
3 3 3 5 2 3 3 4 1 3 2 3 4 1 1 1 4 2 3 4 1 4 2 2
3 4 1 5 1 2 3 4 2 1 1 1 1 3 3 5 1 1 1 2 1 2 3 5 1 3 2 2
3 5 1 5 2 3 5 3 3 2 3 6 1 1 1 2 2 3 6 1 1 2 3
3 6 1 3 3 3 7 1 1 1 3 3 7 1 3 2 4 1 1 1 4 2 3
4 1 2 1 1 1 1 1 4 4 1 3 1 4 3 4 1 4 1 2 1 3 4 1 4 1 4 2
4 1 4 2 1 2 2 4 1 4 2 2 3 4 1 4 2 3 2 4 1 4 3 2 2
4 1 4 4 1 2 4 1 4 4 3 4 1 6 1 2 2 4 1 6 2 3
4 1 8 3 4 2 1 1 1 1 3 3 4 2 1 1 3 1 4 4 2 2 1 1 2 4
4 3 1 1 2 1 4 4 3 1 6 2 4 3 4 2 3 4 3 6 3
4 4 1 3 1 3 5 1 1 1 1 2 3 2 5 1 1 1 2 2 4 5 1 1 1 4 2 2
5 1 2 1 1 1 1 1 3 5 1 2 1 1 1 5 5 1 4 1 1 1 3 5 1 4 1 2 1 2
5 1 4 1 3 2 5 1 4 4 2 5 1 5 1 4 5 1 5 2 3
5 2 1 1 3 1 3 5 2 1 1 5 2 5 2 2 1 1 2 3 5 2 3 1 1 1 3
5 2 3 1 5 5 2 4 1 4 5 3 1 1 1 5 5 3 1 1 2 1 3
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5 3 3 2 3 5 3 4 2 2 5 4 1 3 1 2 5 4 3 4
5 5 1 1 1 3 5 5 1 3 2 5 6 1 4 6 1 1 1 1 2 4
6 1 1 1 2 2 3 6 1 1 1 3 2 2 6 1 1 1 4 3 6 1 1 2 3 3
6 1 2 2 5 6 1 3 1 5 6 1 3 2 1 3 6 1 3 2 4
6 1 3 3 3 6 1 4 2 3 6 1 4 5 6 1 5 1 3
6 1 5 2 2 6 1 6 3 6 2 1 1 1 1 2 2 6 2 1 1 1 2 3
6 2 1 1 6 6 3 1 2 4 6 3 3 2 2 6 3 4 3
7 1 1 1 4 2 7 1 1 3 4 7 1 2 2 4 7 1 3 1 4
7 1 3 2 3 7 1 3 3 2 7 1 4 2 2 7 1 5 3
7 2 1 1 1 1 3 7 3 1 2 3 7 3 3 3 7 3 6
7 4 1 4 8 1 1 1 2 3 8 1 1 1 5 8 1 1 2 2 2
8 1 1 3 3 8 1 3 1 3 8 1 3 4 8 1 5 2
8 3 3 2 9 1 1 1 2 2 9 1 1 2 3 9 1 3 3
9 1 6 9 3 4
42 Links
2 3 1 4 1 3 2 2 3 1 4 3 1 2 2 3 1 7 1 2 2 3 5 1 3 2
2 4 1 3 1 1 1 1 2 2 4 1 3 1 2 1 2 3 1 1 1 5 3 2 3 1 1 1 7 1 2
3 4 1 3 1 1 1 2 3 4 1 3 2 1 2 4 1 3 1 5 2 4 1 4 2 2 1 2
4 1 4 5 2 4 1 5 1 1 1 3 4 1 5 2 1 1 2 4 1 6 1 4
4 1 6 3 2 4 1 7 1 1 2 4 1 8 1 2 4 3 4 1 4
4 3 4 3 2 4 3 6 1 2 5 1 1 1 2 1 3 2 5 1 1 1 3 3 2
5 1 1 1 5 1 2 5 1 3 1 1 1 4 5 1 3 1 1 3 2 5 1 3 1 2 1 1 2
5 1 3 1 3 1 2 5 1 3 2 1 4 5 1 3 2 3 2 5 3 3 1 1 1 2
5 3 3 2 1 2 6 1 1 1 2 1 1 1 2 6 1 1 1 2 2 1 2 6 1 3 1 3 2
6 1 3 2 1 1 2 6 1 3 3 1 2 6 1 4 3 2 6 1 6 1 2
7 1 3 1 1 1 2 7 1 3 2 1 2
First rational knots with the non-trivial unknotting gap δBJ = 2 are 6 1 6 3
and 8 1 5 2 with n = 16 crossings. First non-rational alternating knots with BJ-
unlinking gap δBJ = 1 appear for n ≥ 12 crossings: the pretzel knot P(5,4,3)
(12a1242) and polyhedral knots 6
∗2.4 0 : 3 0 (12a970), 6
∗2.2 1 0 : 4 0 (12a76), and
6∗2.2.2.4 0 (12a1153). In the next section they will be extended to families (see Def.
4.1) with BJ-unlinking gap δBJ = 1 .
4. BJ-unlinking gap for Some Families of Alternating Links
In this section we explore the effect 2n-moves [Pr] have on the BJ-unlinking number,
uM and BJ-unlinking gap. Applying 2n-move on an integer tangle decreases or
increases its Conway symbol by 2n. If we allow applying 2n-moves on an arbitrary
subset of integer tangles of a given link we get its infinite families defined below:
Definition 4.1. For a link or knot L given in an unreduced b Conway notation
C(L) denote by S a set of numbers in the Conway symbol excluding numbers
denoting basic polyhedron and zeros (determining the position of tangles in the
vertices of polyhedron). For C(L) and an arbitrary (non-empty) subset S˜ of S the
bThe Conway notation is called unreduced if in symbols of polyhedral knots or links elementary
tangles 1 in single vertices are included.
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family FS˜(L) of knots or links derived from L is constructed by substituting each
a ∈ Sf by sgn(a)(|a|+ 2ka) for ka ∈ N .
J. Bernhard [Be] and D. Garity [Ga] used this approach to obtain general for-
mulas for unlinking numbers of the following families of diagrams of rational knots:
C[(2k+1),1,(2k)] (k ≥ 2) and C[(2k+1),(2l+1),(2k)] (k ≥ 2, l ≥ 0, k > l) whose un-
knotting gap is δ(C[(2k+1),(2l+1),(2k)]) = k + l + 1 − (k + l) = 1. Moreover, the
two-parameter family of rational link diagrams C[2k,1,2l] (k ≥ 2, l ≥ 2) [Ga] has
uM (C[2k,1,2l]) = k + l − 1 and u(C[2k,1,2l]) ≤ l, so the unlinking gap of a given
diagram is at least k − 1 and can be made arbitrarily large for a sufficiently large
k.
In the similar manner, we try to obtain explicit formulas for BJ-unlinking gap
of the infinite family (with up to k parameters) obtained from a link denoted by
its Conway symbol containing k integer tangles. First, we consider rational links
containing only 2 or 3 parameters.
Fig. 4. (a) Rational link R[2m+1,2n+1]; (b) rational knot R[2m+1,2n]; (c) rational knot R[2m,2n].
Lemma 4.2. Let R[a,b] denote a 2-bridge link with the Conway symbol a b. Then
the following holds:
(a) If a, b are both odd then for a link R[a,b] = R[2m+1,2n+1] we have
uBJ(R[2m+1,2n+1]) = uM (R[2m+1,2n+1]) = u(R[2m+1,2n+1]) =
a+b
2 = m+n+1.
(b) If a is odd and b is even then for a knot R[a,b] = R[2m+1,2n] we have
uBJ(R[2m+1,2n]) = uM (R[2m+1,2n]) = u(R[2m+1,2n+1]) = n.
(c) If a, b are both even then for a knot R[a,b] = R[2m,2n] we have uBJ(R[2m,2n]) =
uM (R[2m,2n]) = min(m,n).
c
cUnknotting number u(R[2m,2n]) is an open question for the most of knots with m,n > 1.
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Proof.
(a) Notice that switching m+1 crossings corresponding to 2m+1 and n crossings
corresponding to 2n + 1, as shown in the picture below, leaves us with the
unlink of 2 components. Therefore we have:
uM (R[2m+1,2n+1]) ≤ m+ n+ 1
Since every crossing on the diagram is between different components with sign
equal to 1 belongs to different components and has the sign equal to 1, then:
lk(R[2m+1,2n+1]) = m+ n+ 1. Combining these results we have:
m+ n+ 1 = lk(R[2m+1,2n+1]) ≤ u(R[2m+1,2n+1])
≤ uBJ(R[2m+1,2n+1]) ≤ uM (R[2m+1,2n+1])
≤ m+ n+ 1
Therefore u(R[a,b]) = uBJ(R[a,b]) = uM (R[a,b]) =
a+b
2 .
(b) In the same manner as in the proof of part a), using signature (which is equal
to b in this case) instead of linking number we get:
n =
σ(R[2m+1,2n]]
2
≤ u(R[2m+1,2n])
≤ uBJ(R[2m+1,2n]) ≤ uM (R[2m+1,2n])
≤ n.
The last inequality is obtained directly from the diagram (switching n cross-
ings corresponding to 2n gives the unknot R[2m+1,0]) so we have: u(R[a,b]) =
uBJ(R[a,b]) = uM (R[a,b]) =
b
2 .
(c) We proceed by induction on min(m,n). If min(m,n) = 0, then we have an un-
knot, so the proposition holds. Assume that the proposition holds formin(m,n)
smaller than fixed positive number p. Now consider min(m,n) = p. We have a
choice of switching crossing corresponding to 2m or 2n. As a result we get either
R[2(m−1),2n] or R[2m,2(n−1)] with min(m− 1, n) = min(m,n− 1) = p− 1 so ac-
cording to the induction hypothesis uBJ(R[2m,2n]) = 1+p−1 = p = min(m,n).
Therefore:
u(R[2m,2n]) ≤ uBJ(R[2m,2n]) = uM (R[2m,2n]) = min(m,n).
Lemma 4.3. Let R[a,b,c] denote a 2-bridge link with the Conway symbol a b c.
Then the following holds:
(1) If R[a,b,c] = R[2k,2l,2m] we have a 2-component link with uBJ(R[2k,2l,2m]) =
uM (R[2k,2l,2m]) = u(R[2k,2l,2m]) = k +m.
(2) If R[a,b,c] = R[2k+1,2l+1,2m+1] then for (k,m ≥ 1) has uBJ(R[2k+1,2l+1,2m+1]) =
uM (R[2k+1,2l+1,2m+1]) = l +min(m, k) + 1.
(3) If R[a,b,c] = R[2k+1,2l,2m+1] (k,m ≥ 1) then uBJ(R[2k,2l+1,2m]) =
uM (R[2k,2l+1,2m]) = u(R[2k,2l+1,2m]) = k + l+m+ 1.
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(4) If R[a,b,c] = R[2k+1,2l,2m] (k,m ≥ 1) then uBJ(R[2k,2l,2m]) = uM (R[2k,2l,2m]) =
u(R[2k,2l,2m]) = k +m.
(5) If R[a,b,c] = R[2k,2l+1,2m] (k,m ≥ 1) then
uBJ(R[2k,2l+1,2m]) =
{
l +max(k,m), l ≤ k,m;
k +m, k,m ≤ l,
i.e., uBJ(R[2k,2l+1,2m]) = min(k +m,max(k,m) + l) and
uM (R[2k,2l+1,2m]) =


k +m, 1 ≤ l ≤ k,m;
k +m− 1, 0 = l ≤ k,m;
k +m, k,m ≤ l.
(6) If R[a,b,c] = R[2k+1,2l+1,2m] (k,m ≥ 1) then
uBJ(R[2k+1,2l+1,2m]) =
{
k +min(l,m), l,m ≤ k or k,m < l;
k + l+ 1, k, l ≤ m;
uM (R[2k+1,2l+1,2m]) =


k +min(l,m), k,m < l;
k +min(l+ 1,m), l,m ≤ k;
k + l+ 1, k, l ≤ m.
Proof. Cases 1, 3 and 4 are resolved using of linking number or signature while
the rest require a detailed analysis (similar to that in the proof of Lemma 4.2) of
all possible cases, and will be omitted.
Corollary 4.4.
(a) Links R[2k,2l+1,2m] have non-trivial gap if k,m ≥ 2 and m ≥ l + 1.Then
δBJ(R[2k,2l+1,2m]) =
{
min(m, k)− 1, l = 0;
min(m, k)− l, l ≥ 1.
(b) Family R[2k+1,2l+1,2m] has non-trivial gap δBJ(R[2k+1,2l+1,2m]) = 1 if m ≥ 2
and l + 1 < m < k d.
R[a] is a torus knot or link of type [2, a] and therefore uBJ = uM = u, so both
gap and BJ-unlinking gap are trivial. From Lemma 4.2 it follows that all rational
links 2 parameters and R[a,b] have trivial BJ-unlinking gap. The same holds for
all 3-parameter families R[a,b,c] except two families listed in Corollary 4.4. One can
try to extend this classification to rational links with more parameters and more
complicated generating links but the computations based on parity of parameters
and symmetries of the links are very long and tedious so we give only experimental
results.
All rational links up to 14 crossings with positive BJ-unlinking gap e are de-
scribed by 68 one-parameterf families. For all families we predict values of BJ-
unlinking number and BJ-unlinking gap based on computations for links with less
duBJ (R[2k+1,2l+1,2m]) = k + l
eCompare with the first table in the Section 3.
fOne parameter family is obtained by applying the same 2n-move to all chosen integral tangles.
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than 48 crossings. Each family in the following table is given by its Conway symbol;
the next entry is the number of components followed by experimental results for
BJ-unlinking number uBJ and BJ-unlinking gap δBJ .
Family Comp. No. uBJ δBJ
(1) (2k + 2) 1 (2k + 2) 2 k + 1 k
(2) (2k + 3) 1 (2k + 2) 1 k + 1 1
(3) (2k + 2) 1 (2k + 2) (2k) 1 k + 1 k
(4) (2k + 2) (2k + 1) (2k + 2) 2 2k + 1 1
(5) (2k + 4) 1 (2k + 2) 2 k + 2 k
(6) (2k + 3) 1 (2k + 1) (2k) 2 k + 1 1
(7) (2k + 3) 1 1 1 (2k + 1) 2 k + 1 k
(8) (2k + 5) 1 (2k + 2) 1 k + 2 1
(9) (2k + 3) (2k + 1) (2k + 2) 1 2k + 1 1
(10) (2k + 2) 1 (2k + 2) (2k + 1) 1 k + 1 k
(11) (2k + 4) 1 (2k + 1) (2k) 1 k + 1 1
(12) (2k + 4) 1 1 1 (2k + 1) 1 k + 1 1
(13) (2k + 2) (2k + 2) 1 (2k + 2) 1 k + 1 1
(14) (2k + 4) 1 (2k + 2) (2k) 1 k + 2 k
(15) (2k + 2) 1 (2k + 1) 1 (2k + 2) 1 k + 1 k
(16) (2k + 3) 1 (2k + 1) (2k) (2k) 1 k + 1 1
(17) (2k) (2k + 1) 1 (2k + 2) 1 (2k) 1 k + 1 1
(18) (2k + 3) 1 1 1 (2k + 1) (2k) 1 k + 1 k
(19) (2k + 4) (2k + 1) (2k + 2) 2 2k + 2 1
(20) (2k + 6) 1 (2k + 2) 2 k + 3 k
(21) (2k + 3) 1 (2k + 3) (2k) 2 k + 3 1
(22) (2k + 3) (2k + 1) (2k + 1) (2k) 2 2k + 1 1
(23) (2k + 4) 1 (2k + 1) (2k + 1) 2 k + 1 1
(24) (2k + 5) 1 (2k + 1) (2k) 2 3 1 if k = 1
k + 1 2 if k ≥ 2
(25) (2k + 1) (2k + 2) 1 (2k + 1) (2k) 2 2k + 1 1
(26) (2k + 2) 1 (2k + 2) (2k) (2k) 2 2k + 1 k
(27) (2k + 3) 1 1 1 (2k + 3) 2 k + 2 k
(28) (2k + 4) 1 1 (2k) (2k + 1) 2 k + 1 1
(29) (2k + 5) 1 1 1 (2k + 1) 2 k + 1 k
(30) (2k) (2k + 2) 1 (2k + 1) 1 (2k) 2 k + 1 k
(31) (2k + 2) 1 1 1 (2k + 2) (2k) 2 k + 1 1
(32) (2k + 4) 1 1 1 (2k) (2k) 2 k + 1 1 if k = 1, 2
k 2 if k ≥ 3
(33) (2k + 2) (2k) 1 1 1 1 (2k + 1) 2 2k 1
(34) (2k + 5) (2k + 1) (2k + 2) 1 2k + 2 1
(35) (2k + 7) 1 (2k + 2) 1 k + 3 1
(36) (2k + 2) 1 (2k + 4) (2k + 1) 1 k + 2 k
(37) (2k + 2) (2k + 1) (2k + 2) (2k + 1) 1 k + 2 1
(38) (2k + 3) (2k + 2) 1 (2k + 2) 1 k + 1 k
(39) (2k + 4) 1 (2k + 2) (2k + 1) 1 k + 2 k
(40) (2k + 4) 1 (2k + 3) (2k) 1 k + 2 1
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(41) (2k + 4) (2k + 1) (2k + 1) (2k) 1 2k + 1 1
(42) (2k + 5) 1 (2k + 1) (2k + 1) 1 k + 1 1
(43) (2k + 6) 1 (2k + 1) (2k) 1 3 1 if k = 1
k + 1 2 if k ≥ 2
(44) (2k + 1) (2k + 1) 1 (2k + 3) (2k) 1 2 1 for k = 1
k + 2 0 if k ≥ 2
(45) (2k + 1) (2k + 3) 1 (2k + 1) (2k) 1 k + 1 1
(46) (2k + 2) 1 (2k + 2) (2k) (2k + 1) 1 2k + 1 k
(47) (2k + 1) 1 (2k + 1) 1 (2k + 2) 1 k + 1 k
(48) (2k + 3) 1 (2k + 1) (2k) (2k + 1) 1 k + 1 1
(49) (2k + 3) 1 (2k + 2) (2k) (2k) 1 2k + 1 1
(50) (2k + 4) 1 1 (2k) (2k + 2) 1 k + 1 1
(51) (2k + 4) 1 (2k + 1) (2k) (2k) 1 2k 1
(52) (2k + 5) 1 1 (2k) (2k + 1) 1 2 1 if k = 1
3 0 if k ≥ 2
(53) (2k + 6) 1 1 1 (2k + 1) 1 k + 2 1
(54) (2k + 1) 1 (2k + 1) 1 (2k + 2) (2k) 1 k + 1 k
(55) (2k + 1) 1 (2k + 2) 1 (2k + 1) (2k) 1 k + 1 1
(56) (2k + 1) (2k + 2) 1 (2k + 1) 1 (2k) 1 k + 1 k
(57) (2k + 1) (2k + 3) 1 1 1 (2k + 1) 1 k+1 k
(58) (2k + 3) 1 1 1 (2k + 2) (2k) 1 k + 1 1
(59) (2k + 5) 1 1 1 (2k) (2k) 1 k + 1 1 if k = 1, 2
k 2 if k ≥ 3
(60) (2k) 1 (2k + 2) 1 (2k + 1) 1 (2k) 1 2k 1 if k = 1, 2
2k k if k ≥ 3
(61) (2k) (2k + 2) 1 1 1 (2k + 1) (2k) 1 2k 1
(62) (2k + 2) (2k) 1 1 1 1 1 (2k + 2) 1 2k 1
(63) (2k + 3) (2k) 1 1 1 1 (2k + 1) 1 2k 1
(64) (2k + 2) 1 (2k + 2) (2k + 1) (2k) 2 2k + 1 k
(65) (2k + 2) 1 (2k + 4) 1 (2k) 2 2k + 1 k
(66) (2k + 2) 1 (2k + 1) 1 (2k + 1) (2k) 2 2k + 1 1
(67) (2k + 3) 1 (2k + 1) (2k) 1 (2k) 2 2k + 1 1
(68) (2k + 3) 1 (2k + 1) 1 1 1 (2k) 2 2k + 1 1
The following results (unless explicitly stated otherwise) are based on the prop-
erties of the generating links and experimental results for rational, pretzel and poly-
hedral links up to 16 crossings. First, we present several multi-parameter families
of rational links with an arbitrarily large BJ-unlinking gap.
(1) The family R[(2k),1,(2m),(2n)] has an arbitrarily large BJ-unlinking gap (see
Theorem 4.5).
(2) The family R[(2k+2),1,(2k+2),(2k−1)](k ≥ 1), starting with the knot R[6,1,6,3], has
BJ-unlinking number k + 1 and δBJ (R[(2k+2),1,(2k+2),(2k−1)]) = k.
(3) The family R[(4(k+1),1,(2k+3),(2k)](k ≥ 1), starting with the knot R[8,1,5,2], has
uBJ(R[(4(k+1),1,(2k+3),(2k)]) = k + 2 and BJ-unlinking gap is k + 1.
(4) The family R[(2k+1),1,1,1,(2l+1)], starting with link R[5,1,1,1,3], has the unlinking
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gap δBJ(R[(2k+1),1,1,1,(2l+1)]) =


0, k = l = 0;
l − 1, k = l > 0;
l, k > l > 1.
for k ≥ l ≥ 0
(5) Knots in the family R[(2k),...,1,...(2k)] (k ≥ 2) and every link in the family
R[(2k),...,(2k),1,(2m),...,(2m)] (k,m ≥ 2) have members with arbitrarily large BJ-
unlinking gaps. If symbol k occurs j times BJ-unlinking number is [ j2 ]k and
δBJ = k − 1.
We use Lemma 4.2 to prove the following theorem about an example of a family
of rational knots with an arbitrarily large BJ-unlinking gap g
Theorem 4.5. Let R[2k,2m,1,2n] be a rational knot with diagram C[2k,2m,1,2n]
(m, k, n ≥ 0). Then the following holds:
a) Diagram unlinking number is uM (R[2k,2m,1,2n]) = n+min(k,m− 1)
b) BJ-unlinking number is
uBJ(R[2k,2m,1,2n]) =
{
n, if m ≤ n;
n+min(k,m− n), if m > n.
c) BJ-unlinking gap is
δBJ (R[2k,2m,1,2n]) =
{
min(k,m− 1), if m ≤ n;
min(k,m− 1)−min(k,m− n), if m > n.
Proof.
Fig. 5. Family of rational links R[2k,2m,1,2n] with arbitrarily large BJ-unlinking gap.
gBleiler asked if δ(L) = uM (L) − u(L) has an upper bound [Bl]. Since δBJ (L) ≤ δ(L), Theorem
4.5 provides more examples of links with unbounded δ(L) (compare [St2]).
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a) The diagram of R[2k,2m,1,2n] (see Fig. 5) is the minimal as it is reduced alternat-
ing [Kau,Mu,Th]. From Corollary 2.8 it follows that it is sufficient to consider
only one minimal diagram, so the proof of a) follows from the next lemma:
Lemma 4.6. For k ≥ 0,m > 0, n > 0
(i) u(C[2k,2m,1,2n]) = n+min(k,m− 1);
(ii) u(C[2k,2m,−1,2n]) = n− 1 +min(k,m− 1).
Proof. We prove (i) and (ii) simultaneously by induction on k + m + n.
For k + m + n=2 and k + m + n = 3 we get: u(C[0,2,1,2]) = u(C[2,1]) =
1, and u(C[0,2,−1,2]) = 0, and u(C[0,4,1,2]) = u(C[2,1]) = 1; u(C[0,4,−1,2]
is an unknot, u(C[0,2,1,4]) = u(C[4,1]) = 2, u(C[0,2,−1,4]) = u(C[3]) = 1,
u(C[2,2,1,2]) = 1, and u(C[2,2,−1,2]) is an unknot. Assume that the lemma holds
for k + m + n < p for p > 3. Before we proceed, notice that: u(R[2k,2,1,2]) =
uM (R[2k,2,1,2]) = 1, u(R[2k,2,−1,2]) = uM (R[2k,2,−1,2]) = 0, and that signa-
ture of σ(R[0,2m,1,2n]) = 2n. Therefore, u(R[0,2m,1,2n]) = uM (R[0,2m,1,2n]) =
u(C[0,2m,1,2n]) =
σ(R[0,2m,1,2n])
2 = n (see Fig. 6). Hence, when k = 0,m = n = 2
lemma holds.
Fig. 6. Family of rational links R[0,2m,1,2n] with unlinking number n which can be obtained
from a minimal projection.
u(C[2k,2m,1,2n]) = 1 +min(
u(C[2(k−1),2m,1,2n]), u(C[2k,2(m−1),1,2n])
u(C[2k,2m,−1,2n]), u(C[2k,2m,1,2(n−1)]))
= 1 +min(
n+min(k − 1,m− 1), n+min(k,m− 1),
u(C[2k,2m,−1,2n]), n− 1 +min(k,m− 1))
= 1 +min(n− 1 +min(k,m− 1), u(C[2k,2m,−1,2n]))
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u(C[2k,2m,−1,2n]) = 1 +min(
u(C[2(k−1),2m,−1,2n]), u(C[2k,2(m−1),−1,2n])
u(C[2k,2m,1,2n]), u(C[2k,2m,−1,2(n−1)]))
= 1 +min(
n− 1 +min(k − 1,m− 1), n− 1 +min(k,m− 2),
u(C[2k,2m,1,2n]), n− 2 +min(k,m− 1))
= 1 +min(n− 2 +min(k,m− 1), u(C[2k,2m,1,2n]))
From the equations above we get:
u(C[2k,2m,1,2n]) = 1 +min(n− 1 +min(k,m− 1), u(C[2k,2m,−1,2n]))
= min(n+min(k,m− 1),min(n+min(k,m− 1), 2 + u(C[2k,2m,1,2n])))
= min(n+min(k,m− 1), 2 + (C[2k,2m,1,2n]))
= n+min(k,m− 1)
Furthermore:
u(C[2k,2m,−1,2n]) = 1 +min(n− 2 +min(k,m− 1), u(C[2k,2m,1,2n]))
= 1 +min(n− 2 +min(k,m− 1),min(n− 2 +min(k,m− 1))
= 1 + n− 2 +min(k,m− 1) = n− 1 +min(k,m− 1)
which completes the proof of the Lemma 4.4 and part a) of the theorem, i.e.,
uM (R[2k,2m,1,2n]) = n+min(k,m− 1).
Fig. 7. Family of rational links R[2k,2m,1,0] = R[2k,2m] with BJ-unlinking number min(m, k).
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b) We proceed by induction on m + n + k. Using the similar arguments as in
Proposition 2.2 and results of the previous lemma we get that the proposition
holds for:
– uBJ(R[0,2,1,2n]) = uBJ(R[1,2n]) = n
– uBJ(R[2k,2m,1,0]) = uBJ(R[2k,2m]) = min(k,m) (see Fig.7)
– uBJ(R[2k,2,1,0]) = uBJ(R[2k,2]) = 1
– uBJ(R[2k,0,1,2]) = uBJ(R[2k+1,2]) = 1
In particular, the proposition holds for m+n+k ≤ 3. Assume that proposition
holds for m + n + k < p for p ≥ 3. Since our link is alternating we can work
with the specific minimal diagram (Fig. 3). In the unlinking process we can
distinguish 4 cases based on where we perform the crossing change:
– Switch at one of the crossings representing k gives:
uBJ(R[2(k−1),2m,1,2n]) =
{
n, m ≤ n;
n+min(k − 1,m− n), m > n.
– Switch at one of the crossings representing m gives:
uBJ(R[2k,2(m−1),1,2n]) =
{
n, m ≤ n+ 1;
n+min(k,m− 1− n), m > n+ 1.
– Switch at one of the crossings representing n gives:
uBJ(R[2k,2m,1,2(n−1)]) =
{
n− 1, m ≤ n;
n− 1 +min(k,m− n), m > n.
– Switching the crossing representing 1 to −1 results in R[2k,2m,−1,2n] =
R[2k,2(m−1),1,2(n−1)], therefore:
uBJ(R[2k,2(m−1),1,2(n−1)]) =
{
n− 1, m ≤ n− 1;
n− 1 +min(k,m− n+ 1), m > n− 1.
To find uBJ(R[2k,2m,1,2n]) we need to take the minimum over all 4 cases:
uBJ(R[2k,2m,1,2n]) =
= 1 +min(uBJ(R[2k,2(m−1),1,2n]), uBJ(R[2k,2(m−1),1,2(n−1)]),
uBJ(R[2k,2m,1,2(n−1)]), uBJ(R[2k,2(m−1),1,2n]))
= 1 +


min(n, n, n− 1, n− 1), m < n;
min(n, n, n− 1, n− 1 +min(k,m− n− 1)), m = n;
min(n+min(k − 1,m− n), n+min(k,m− n− 1),
n− 1 +min(k,m− n), n− 1 +min(k,m− n+ 1)),
, m ≥ n.
= 1 +


n− 1, m < n;
n− 1, m = n;
n− 1 +min(k,m− n), m > n.
=
{
n, m ≤ n;
n+min(k,m− n), m ≥ n.
July 16, 2018 7:2 WSPC/INSTRUCTION FILE
UnlinkningNumberUnlinkingGap
20 Slavik Jablan and Radmila Sazdanovic´
c) Follows from parts a) and b).
Next we consider the family of pretzel knots P(a,b,c). For the pretzel knots
P(2k+1,2l+1,2m+1) (k ≥ l ≥ m ≥ 1) we proved (Proposition 2.2b) that
uBJ(P(2k+1,2l+1,2m+1)) = l+m and δBJ(P(2k+1,2l+1,2m+1)) = 0. For the families of
pretzel KLs with three columns we have the following:
Theorem 4.7.
(1) P(2k+1,2l+1,2m+1) has uBJ(P(2k+1,2l+1,2m+1)) = uM (P(2k+1,2l+1,2m+1)) = l+m
and δBJ(P(2k+1,2l+1,2m+1)) = 0.
(2) P(2k,2l,2m) has uBJ(P(2k,2l,2m)) = uM (P(2k,2l,2m)) = u(P(2k,2l,2m)) = k+ l+m,
and therefore δBJ(P(2k,2l,2m)) = 0
h;
(3) For pretzel knots P(2k+1,2l,2m+1) with (k ≥ m ≥ 1) we have
i:
P(2k+1,2l,2m+1) uBJ uM δBJ
l = 1 m+ k m+ k 0
k ≥ l > 1 m+ k m+ k + 1 1
l > k ≥ 1 m+ k + 1 m+ k + 1 0
(4) P(2k,2l+1,2m) (k ≥ m) has uBJ(P(2k,2l+1,2m)) = u(P(2k,2l+1,2m)) = k + l, and
gap δBJ(P(2k,2l+1,2m)) = m− 1
j.
Pretzel links P(2k,2l+1,2m) (k ≥ m) are the example of links where BJ-unlinking
number and BJ-unlinking gap coincide with unlinking number and unlinking gap
(since half signature equals uBJ), but not with uM , so the gap is non-trivial and
grows as we increase parameter m (uM (P(2k,2l+1,2m)) = k + l +m− 1).
5. Experimental results and speculations about BJ-unlinking gap
for polyhedral and non-alternating links
In this section we give experimental results, which (combined with results from
Section 3 for rational links) make computations of the BJ-unlinking gap complete
for alternating links up to 12 crossings. Furthermore, we propose the family of
non-alternating pretzel link diagrams with an arbitrarily large BJ-unlinking gap.
The first alternating algebraic non-rational link with positive BJ-unlinking gap
is the pretzel link 4, 4, 3 with 11-crossings and δBJ = 1, and the remaining seven
links with 12-crossings are given in the following table:
hNotice that the linking number guarantees that uBJ = uM = u and δ = δBJ .
iNotice that in first two cases, l = 1 and k ≥ l > 1, the signature guarantees that uBJ = u and
δ = δBJ .
jNotice that the signature guarantees that uBJ = u and δ = δBJ .
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2 2 1 1 2, 2, 2 4 1 1, 3, 3 2 1 1, 3 1, 3 1 5, 4, 3
3 1, 3 1, 2 1+ (2 1, 2 1 1 1) (2, 2) (2 1, 2 2) 1 (2, 2)
Polyhedral knots, defined by Conway [Co], with n = 12 crossings and posi-
tive BJ-unlinking gap are given in the table below. Second column contains the
one-parameter families derived from these knots, followed by the first step of the
unknotting process which reduces them to families of rational, pretzel, or polyhedral
knots k:
No. Knot Family Reduction δBJ
1 6∗2.3 1 : 3 0 6∗(2k).3 1 : 3 0 6∗(2k).3 1.− 1.3 0 1
uBJ = 2 uBJ = k k > 1: ≈ (2k − 1) 1 1 1 2 2
k = 1: ≈ 2 1 1 2 2
2 6∗2.2 1 0 : 4 0 6∗(2k).2 1 0 : 4 0 6∗(2k).2 1 0 : 4 0 : −1 1
uBJ = k + 1 ≈ 3 1 (2k − 1) 2 2
3 6∗2.2 2 0 : 3 0 6∗(2k).2 2 0 : 3 0 6∗(2k).2 2 0 : 3 0 : −1 1
uBJ = k + 1 ≈ 2 1 (2k − 1), 2 1, 2
4 6∗2.4 0 : 3 0 6∗2.(2k) 0 : 3 0 (k ≥ 2) 6∗2.(2k) 0 : 3 0 : −1 1
uBJ = 2 uBJ = k ≈ (2k) 1 1 2
5 6∗2.2.3.3 0 6∗(2k).2.3.3 0 6∗(2k).2.3.3 0.− 1 1
uBJ = k + 1 ≈ 2 1 (2k − 1), 2 1, 2
6 6∗2.2.2.4 0 6∗2.2.2.(2k) 0 (k ≥ 2) 6∗2.2.2.(2k) 0.− 1 1
uBJ = 2 uBJ = k ≈ (2k − 1) 1 1 1 1 2
7 6∗2.2 0.3.3 0 6∗(2k).2 0.3.3 0 6∗(2k).2.3.3 0.− 1 1
uBJ = k + 1 ≈ 4 1 (2k − 1) 1 2 or
6∗(2k).2.3.3 0 : −1
≈ 2 1 (2k − 1), 3, 2
8 6∗2.(3, 3) 6∗(2k).(3, 3) 6∗(2k).(3, 3) :: −1 1
uBJ = k + 1 k ≥ 2: ≈ 6
∗2.(2k − 2) : 2 0
k = 1: ≈ 2 1 1 1 2
9 6∗2.(3, 2).2 6∗2.(2k + 1, 2).2 6∗2.(2k + 1, 2).2.− 1 1
uBJ = k + 1 ≈ 2 2 1 (2k)
10 8∗2 : 2 : .3 0 8∗(2k) : 2 : .3 0 8∗2 : 2.− 1..3 0 1
uBJ = 2 ≈ (2k + 1) 3 2 (see Lemma 4.3.)
Moreover, the following n = 12-crossing links have BJ-unlinking gap δBJ = 1
l:
6∗2.2.2 : 2 1 1 0 6∗2.2.2 : 2 1 1 6∗(2 1, 2 2) 6∗2.(2, 2) 1 1 6∗2.(2, 2), 2 0
6∗2.2, (2, 2) 0 6∗2.(2, 2).2 1 0 6∗(2, 2).2 1 : 2 6∗(2, 2) 1.2 : 2 0
6∗2 1 1 : .(2, 2) 0 6∗2 1 1 : .(2, 2) 6∗2.2 1.2.2 0 : 2 0 8∗2 1 : .2 0 : 2 0
The question of finding BJ-unlinking gap of non-alternating links is much more
difficult because of the lack of classification of their minimal diagrams. For a few
classes of non-alternating links partial results can be obtained using the work of
W.B.R. Lickorish and M.B. Thistlethwaite [LT]. Unfortunately, this is not sufficient
to find all minimal diagrams corresponding to non-alternating link families and
compute BJ-unlinking gap for non-alternating links.
k The symbol ≈ is used to denote ambient isotopy between two links; for example, in the first
row symbol ≈ means that 6∗(2k).3 1.− 1.3 0 is ambient isotopic to (2k − 1) 1 1 1 2 2 if k > 1 and
2 1 1 2 2 if k = 1.
lIn the first 2 rows we give 2-component links and the third row contains 3-component links.
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The following table contains non-alternating KL diagrams with n = 11 and
n = 12 crossings. In all cases δBJ = 1:
n = 11 4 1 1, 3,−2 3 2, 3,−3 4, 4,−3 .(3,−2).2 .2.(3,−2)
n = 12 5,−3 1, 2 1 −5, 3 1, 2 1 (−4, 2 1) (3, 2) (−4,−2 1) (3, 2) 5,−3 1, 2 1
−5, 3 1, 2 1 (−3,−3) (3, 2 1) (3, 3) (−3, 2 1) 3 : 2 : −4 0 −3 0.2.2 0.3 0
Non-alternating minimal diagrams 4 1 1, 3,−2 and 3 2, 3,−3 (Fig. 8) of the non-
alternating knots 11n64 and 11n122 [Ho,Liv] have the unknotting gap δM = 1.
These diagrams can be extended to two-parameter families of minimal diagrams
(2k + 2) 1 1, (2l + 1), (−2m) and (2k + 1) 2, (2r + 1),−3 representing Montesionos
knots with the diagram unlinking gap δM = 1.
Fig. 8. The diagrams (a) 4 1 1, 3,−2; (b) 3 2, 3,−3.
As we described before, even minimal diagrams can have a non-trivial unlinking
gap. Hence, it is not surprising that some non-minimal diagrams can have a non-
trivial unlinking gap.
For example, the 11-crossing non-alternating knot 11n138 [Ho,Liv] has the non-
minimal diagram 3 1 1, 3, 3− with the unknotting gap δM = 1, while the (fixed)
minimal diagram 3 1 1, 3,−2 1 gives the unknotting number u = 2 (Fig. 9).
The family of non-alternating pretzel links P(2k,−3,2k) (k ≥ 2) is the candidate
for non-alternating link family with an arbitrarily large unlinking gap (Fig. 10).
This family is obtained from the family of rational links R[2k,1,2k] = P(2k,1,2k)
(k ≥ 2) which is a special case of the family R[2k,2l+1,2m] from the Corollary 4.4a
for l = 0, k = m with arbitrarily large BJ-unlinking gap δBJ = k−1. In the similar
manner as in Section 4, we may obtain that the family of standard diagrams of
P(2k,−3,2k) has BJ-unlinking number k. Furthermore, the unlinking number of the
standard diagram of P(2k,−3,2k) is equal to 2k− 1, hence the diagram BJ-unlinking
gap is k − 1.
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Fig. 9. (a) Non-minimal diagram 3 1 1, 3, 3−; (b) the minimal diagram 3 1 1, 3,−2 1 of the non-
alternating knot 11n138.
Fig. 10. The family P(2k,−3,2k) of non alternating minimal diagrams with an arbitrarily large
BJ-unlinking gap.
Since the classification of all minimal diagrams of the link family P(2k,−3,2k) is,
up to our knowledge, not yet achieved we are not able to show that the link family
P(2k,−3,2k) has an arbitrarily large unlinking gap.
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